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1 Introduction

RNA secondary structure prediction is an important problem in computational biology and thus many computational
studies have been done. This is a problem of, given an RNA sequence of length n, finding its correct secondary
structure. Usually, RNA secondary structure prediction is modeled as a free energy minimization problem [7, 9]. For
this problem, [10] and [11] proposed simple DP (dynamic programming) algorithms. The time complexities of those
DP algorithms were O(n®) if we ignore the destabilizing energy due to loop regions, otherwise they were at least O(n?).

In a basic and simplest version, free-energy minimization of an RNA secondary structure is defined as a problem of
mazimizing the number of complementary base pairs, which is denoted by RINA in this paper. Even for RN Ay, only
an O(n®) time simple DP algorithm had been known [7, 9].

An O(n?78 4+ (1/€)°Y) time approximation algorithm was also shown for RN Ay in [1], which always outputs an
RNA secondary structure with the score at least 1 — € of the maximum, where ¢ is any positive constant number and
the score denotes the number of complementary base pairs in RNA(. Although this algorithm can be considered as a
PTAS (polynomial time approximation scheme), it is different from usual PTAS since the problem is not NP-hard but
belongs to P. This algorithm is a combination of an approximation algorithm Agppror and an exact algorithm Aezqct,
where Aapproz is obtained by modifying the original O(n3) time DP algorithm for RN A, and Acgqct is obtained by
combining Valiant’s algorithm with fast funny matrix multiplication.

In order to improve the prediction accuracy, an approach using multiple RNA sequences from the same RNA family
was proposed [6]. An O(n®) time exact algorithm was shown in [6] which can optimize structure and alignments when
two RNA sequences are given. Though some efforts have been done [2, 3], the worst case time complexity has not been
improved. In this paper, we show an O(n®) time approximation algorithm for optimizing structure and alignments of
two RNA sequences with assuming that the optimal number of base-pairs is more than O(no'75). We also show that
the problem to optimize structure and alignments for given N sequences is NP-hard and introduce a constant-factor
approximation algorithm.

2 RNA secondary structure when multiple sequences are given

Let Ay = ai,161,2...01,n,, A2 = a2,1a02,2...02,ny, ..., and Ay = an,1a4N,2...aN,ny be RNA sequences, where
max{ni,n2,...,ny} = n. Thus, A1, Az, ---, An are strings over an alphabet ¥ = {a,u,g,c}. A family of pairs
of indices Mn = ({(1:,1;)[1 < 1; < 1; < na, (a1,1,,a1,1;) is a base pair}, {(2i,25)]1 < 2; < 2; < n2,(azz2;,0a22,) is a
base pair} ..., {(Ni, N;)|1 < N; < N;j < nn, (an,n;,an,n;) is a base pair}) is called an N-common RNA secondary
structure if a11; = a2, = -+ = an,n; and a1,1; = a2, = --- = an,n;, and no distinct pairs (z;,2;), (zn, k) in My
satisfy ©; < zp < ;5 < ap forallz (1 < x < N). The score of My is defined as the number of base pairs in each element
of My (i.e., |e| for any e in My), and denoted by score(My). Then, RNA(N) is defined as follows: given N RNA
sequence Ai, Az, ..., An, to find an N-common RNA secondary structure M with the maximum score. In RNAy(N),
such a structure is also called an optimal N-common RNA secondary structure, and denoted by OPT(RNA((N)).

3 1 — e approximation algorithm for RNA;(2)
As mentioned above, in RINA((2), two sequences are given. Let (i1,51) be a pair of indices which correspond to
the leftmost and rightmost residues of the first sequence respectively. Similarly, let (i2,j2) be a pair of indices which
correspond to the leftmost and rightmost residues of the other sequence respectively. RNA(2) can be solved in O(n®)
time by the following DP procedure [6]:

D(i1 + 1,71, 12, j2)

D(i1,j1 — 1,42,72)

D(i1, j1,12 + 1, 52)

D(i1, j1,42,52 — 1)
D(ir + 1,51 — 1,92 + 1, j2 — 1) + f(i1, j1, t2, jo)
MAXG ) <ky <j1,in<ka<jo LD(11, k1,42, ka) + D(k1 + 1,51, k2 +1,52) },

D(i1, j1,12,j2) = max

where f(a,u,a,u) =1, f(u,a,u,a) =1, f(g,¢,9,¢) =1, f(c,g,¢,g9) =1, otherwise f is zero.

The technique for the approximation algorithm of RN Ay [1] can be applied to RNA((2) with assuming OPT(RNAq(N))
is large, where additional ideas are required for analysis of the approximation ratio. As in [1], we do not com-
pute Max;, <k, <jy,ia<ks<jo LD (%1, k1,22, k2) + D(k1 + 1,j17 k2 + 1, j2)} exactly. Instead, we compute the maximum of
D(i1, k1, iz, k2) + D(k1 + 1, j1, k2 + 1,j2)} for O({n® 4+ n*~?}?) values of (k1, k2), where a and 3 (0 < a,3 < 1) are
appropriate constants to be determined later. We define a sequence of indices f"'( ) and fjt (h) for h1 =0,1,2,... by

i (0) = i1+ [n*], [, (0) =j1 = [n*]
[+ 1) = () + [(F () —i)71, f5 (o + 1) = [ (ha) = [(1 = £ ()]
Next, we define Z1(4,7) by
Ti(ir,51) = {kilin <k1 <n® or j1—n®<k <ji}U {f{:(hl)|f+(hl) (41 + j1)/2}

U{f;, (Rl £, (ha) = (i1 + 51)/2}.
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Similarly, we define a sequence of indices f:;(hg) and f;; (h2) for ha =0,1,2,... and Z1 (3, j) by
(0) =iz + [n°], [5,(0) = j2 — [n™]
i (ho +1) = f}(he) + [(fif(h2) —i2)?1, [, (ha +1) = f;, (h2) — [(j2 — [}, (h2))"]
Ta(iz, j2) = {kaliz <ka <n® or ja—n® <ks <ja} U{ff(ha)|fif (h2) < (32 + j2)/2}

U{f}, (h2)|f}, (h2) > (i2 + j2)/2}.
Then, the approximation algorithm Agpproz(2) is expressed by the following DP procedure:
D'(i1 + 1, 41,42, j2)
D/(i1,j1 - 177:27.j2)
D' (i1, j1,i2 + 1, j2)
D’(’il,jl,iz,jz — 1)
D/(Zi + 1,71 — Lyie + 1,52 — 1) + f(i1, 41,2, 52)
MAXky €74 (i1,41), ko €Ta (i1,j) LD (1, k1,82, k2) + D' (k1 + 1, j1, k2 + 1, j2) },

D'(i1, j1, 2, j2) = max

where f(a,u,a,u) =1, f(u,a,u,a) =1, f(g,¢,9,¢) =1, f(c,g,¢,g9) =1, otherwise f is zero.

Lemma 1 Agppros(2) works in O(n?*T* 4 nS728 4 n5T=8) time.

Here, we define the error of an N-common secondary structure My to OPT(RNA((N)) to be score(RNA(N))) —
score(My) (note that this value must be non-negative).
Lemma 2 The error of a secondary structure My computed by Aappros s O(n1+aﬁ_a).
Theorem 1 When OPT(RNA(N)) > O(n®™), an N-common RNA secondary structure with the score at least 1 —¢
of the mazimum can be computed in O(n®) time, where € is any positive constant number.
It is known that the Longest Common Subsequence problem (LCS) over an alphabet of size 2 is NP-hard [4, 5]. Using

a reduction from LCS, we have:
Theorem 2 RNA((N) is NP-hard if N is not fized.

Theorem 3 There is an O(Nn) time approzimation algorithm for RNAg(N) with the score at least 1/4 of the
MazImum.

4 Concluding remarks

In this paper, we proposed an O(n”) time (1-¢)-approximation algorithm for optimal RN A secondary structures common
to two sequences with assuming that the optimal score is more than O(n% 7). In order to delete this assumption, we
should combine Valiant’s algorithm [8] with the proposed algorithm. We also showed that the problem is NP-hard for
general N and introduced an O(Nn) time 1/4-approximation algorithm. Improvement of this approximation ratio is
left as an open problem.
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